A modification of the Abelian Duality transformations is proposed guaranteeing that a (not necessarily conformally invariant) σ-model be quantum equivalent (at least up to two loops in perturbation theory) to its dual. This requires a somewhat non standard perturbative treatment of the dual σ-model. Explicit formulae of the modified duality transformation are presented for a special class of block diagonal purely metric σ-models.
Introduction
Various T ('target space') duality transformations [1] , [2] connecting two seemingly different σ-models or string-backgrounds have aroused a considerable amount of interest. In Ref. [3] we have investigated quite a few examples of dually related 'ordinary' σ-models (i.e. not necessary conformally invariant) treated as two dimensional quantum field theories in the framework of perturbation theory. We have shown on a number of examples that the 'naive' (tree level) T-duality transformations [1] cannot be exact symmetries of the quantum theory. The 'naive' Abelian duality transformations yield a model equivalent to the original one only to one loop order in perturbation theory, however, the equivalence breaks down in general, at the two loop order. We reached these conclusions by comparing various β functions in the original and dual theories. Therefore it seems to be clear that the question of quantum equivalence between dual σ-models deserves further study.
To fix ideas let us first write the two dimensional σ-model action:
where g ij is the target space metric, b ij is the (antisymmetric) torsion potential, h µν is the world sheet metric and α ′ the inverse of the string tension. In Eq. (1) we have assumed that there is a Killing vector and in the adopted coordinate system, the target space indices are decomposed as i = (0, α) corresponding to splitting the coordinates as ξ i = (θ, ξ α ), and then the background fields (g , b) are independent of the coordinate ξ 0 = θ. Note the absence of the dilaton field in Eq. (1) . In this letter we concentrate mainly on asymptotically free σ-models, that are believed to generate non zero mass by dimensional transmutation when quantized as ordinary quantum field theories. In the same spirit the world sheet metric, h µν , is taken to be flat in what follows. Now the well known formulae of Abelian T-duality [1] , mapping the 'original' σ-model with action, S[g , b], given in Eq. (1) to its dual, S[g ,b] are:
It has been recently found that the Abelian duality transformation rules (2) can be recovered in an elegant way -without ever using the dilaton -by performing a canonical transformation [4] . This clearly shows that the models related by these transformations are classically equivalent. In the quantum theory, the usual way to argue that the dually related models are equivalent in spite of the non linear change of variables involved, is by making some formal manipulations in the functional integral [1] , ignoring the need for regularization. For a special class of conformally invariant σ-models (string backgrounds) it has already been found in Ref. [5] that the Abelian T-duality transformations rules of Ref. [1] should be modified at the two loop level to preserve conformal invariance. The aim of this letter is to put forward a nontrivial modification of the standard Abelian T-duality transformations, Eqs. (2) , which should promote them to a full quantum symmetry. The basic motivation for such a modification is easy to understand; the bare and the renormalized quantities do not transform in the same way under duality transformations beyond one loop order in perturbation theory. While our proposed modification of the T-duality transformation rules is certainly necessary to ensure that this symmetry hold in the quantum theory, it implies that the 'naive' duality transformations receive perturbative corrections order by order (beyond one loop). Even more interestingly the modified duality transformations do not map σ-models into σ-models in the usual sense, except for the class of conformally invariant models (or string backgrounds).
We illustrate how the proposed modifications ensure two loop equivalence between the original and its dual on an example of an asymptotically free σmodel (the O(3) model), quantized as ordinary quantum field theory.
Modified duality transformations
When deriving the Abelian duality transformations all formal manipulations are carried out on unrenormalized, i.e. bare quantities. The partition function of a generic σ-model using dimensional regularization can be written as:
where Ξ ij = (∂ µ ξ i ∂ µ ξ j + iǫ µν ∂ µ ξ i ∂ ν ξ j ), and the generalized bare metric, T
ij , has been computed in terms of the renormalized quantities (g ij , b ij ) by several authors [6] , [7] , [8] , by the background field method in the dimensional regularization scheme:
In Eqs. (4, 5)R ij resp.R iklm denote the 'generalized' Ricci resp. Riemann tensors of the 'generalized' connection, G i jk , containing also the torsion term in addition to the Christoffel symbols, Γ i jk of the metric g ij ; G i jk = Γ i jk + H i jk . A very natural idea would be to perform the 'naive' duality transformations (2) on the bare quantities, T
, that is to impose as the quantum duality symmetry:
where˜denotes the transformation defined by Eq. (2), ( the symmetric part of T
(ij) , transforms as the metric, g ij , while the antisymmetric part, T
In fact Eqs. (6) should only hold modulo diffeomorphisms (redefinitions of the target space coordinates). For all the examples studied in [3] it has been found that in the one loop order the original and the dual models are equivalent after the field redefinition (reparametrization):
(24) below), implying that (at least for the cases in question) Eqs. (6) hold. Comparing the coefficients of α ′ /ǫ on the two sides of (6) one finds that the generalized Ricci tensors computed from the original and dual quantities should be related -up to a reparametrization -as:
Quite recently a general proof of the validity of Eqs. (8) has been given in Ref. [9] , implying that up to the one loop order Abelian T-duality as defined by Eqs. (6) holds, indeed. Quantum equivalence under duality transformation means that the functional integrals computed with either T
should lead to identical results to any desired order in perturbation theory (for physical quantities of course). The examples studied in Ref. [3] show, however, that in general the functional integrals computed with T (0) ij (g, b) and T (0) ij (g,b) lead to different physics beyond one loop. This also implies that Eqs. (2.4) of Ref. [9] (which are equivalent to the 'naive' duality equations (6)) will not be consistent for a general background (g , b) at the two loop level. One might ask, how this (somewhat discouraging) result complies with the results of Ref. [10] showing that duality maps a conformal field theory (string background) into a string background. First the examples of Ref. [3] do not correspond to string backgrounds, but even more importantly the proof of Ref. [10] is based on a gauging proceedure of chiral currents, and there is no claim whatsoever that the 'naive' transformation formulae Eqs. (2) would be exact to all orders in α ′ . In fact as already mentioned, in Ref. [5] for certain string backgrounds it has been explicitly shown that the Abelian T-duality transformation rules, Eqs. (2), have to be modified at the two loop level.
Let us now present our modified transformation rules for the Abelian Tduality transformations, which should make them a true quantum symmetry, valid to all orders in perturbation theory. Instead of Eqs. (6) we postulate the following equation for a finite mapping, γ(g, b):
where equality is meant again modulo reparametrizations of the target space coordinates. If such a γ exists for any σ-model background (g, b) then we would say that the classical duality symmetry is a true symmetry of the full quantum theory. The modified dual (or quantum dual) of a σ-model is defined as
Eq. (9) expresses the way in which the renormalization and the renormalized metric and torsion potential change under a transformation of the bare quantities. In this respect Eq. (9) is in complete analogy with the equation that describes the change in the renormalization of an ordinary parameter, whose bare and renormalized values are related as e 0 = Z(e). When one changes from e 0 and e toê 0 ≡ f (e 0 ) andê ≡ f (e) the relation between the new bare and renormalized parameters becomesê 0 = f (Z(f −1 (ê))). One might be tempted to interpret Eq. (9) as the action of the duality transformation on the renormalized metric combined with a change of the renormalization scheme [11] . It is well known that the β-functions in general are scheme dependent beyond one loop. In our case, however, Eq. (9) is only defined for backgrounds possessing an Abelian isometry, and therefore it is not obvious if the above interpretation is correct. In fact as shown for a special class of metrics, Eq. (9) does not correspond to a change of scheme compatible with full target space covariance.
At this point we note that while it is very natural to assume that the existence of a non-trivial mapping, γ, would guarantee that duality is indeed a quantum symmetry, the dual model defined by either sides of Eq. (9) does not correspond any longer to a genuine σ-model as the standard relation between the bare and the renormalized metric and torsion given by Eqs. (4) is lost. A simple consequence of Eq. (9) for the mapping γ is:
From Eq. (9) it also immediately follows that the modified duality transformation maps conformal σ-models into conformal σ-models in contrast to the general case. For conformal σ-models the β-functions vanish, therefore the metric and torsion, (g, b), in this case, satisfies
where again Eq. (12) is supposed to hold only modulo a diffeomorphism. It is now easy to see that the quantum dual of a conformal σ-model is again a conformal σ-model, indeed. By acting with γ on both sides of Eq. (9) one obtains:
showing that the modified duality transformation maps conformally invariant models onto themselves. At present we can only analyse Eqs. (9) in the general case in perturbation theory. This way one determines γ(g, b) order by order in the α ′ expansion, that is
Then Eqs. (9) will connect order by order in α ′T (0) ij (g, b) and T (0) (g,b) 1 . Therefore if M ij turns out to be non trivial it means that the naive duality transformations, Eq. (2), must be modified in higher orders. Note, that M ij , the first nontrivial terms of γ ij , have no effect on the one loop results: indeed using Eqs. (2), (9) we find from comparing the coefficients of α ′ /ǫ on the two sides of (9) precisely Eqs. (8) . In the next (two loop) order the o((α ′ ) 2 /ǫ) terms in Eq. (9) contain both the two loop contributions and the new terms originating from M ij ; the right hand side of Eqs. (9) is given as:
Equating these with the o((α ′ ) 2 /ǫ) terms on the left hand side of (9) -which may be obtained from the expressions on the r.h.s. of Eq. (8) by replacing the various components ofR ij (g, b) by the corresponding components ofŶ ij (g, b)yields an equation for M ij (g, b). We leave the analysis of the resulting equations (the problem of existence of a solution for a general background) for future work as it is somewhat complicated. We shall content ourselves to present below the solution just for the special case of a block diagonal metric which is fairly simple from a calculational point of view, but shows that our modified duality equations (9) admit a non trivial solution.
We would like to emphasize once again that the existence of a non-trivial M ij ( necessary for duality be a true quantum symmetry), implies that the dual model cannot be interpreted as a standard σ-model beyond one loop, hence the modified duality transformation does not map σ-models into σ-models.
Let us now present an explicit construction of the mapping γ for a special class of σ-models, which are the 'block diagonal' purely metric σ-models. In these models b ij and consequently the antisymmetric part of T (0) ij vanishes identically and only the g 00 and the g γδ components of the metric (and of T (0) ij ) are different from zero in the adapted coordinate system: g 00 = g 00 (ξ γ ), g 0γ ≡ 0
1 Since in T (0) ij the residues of the higher order poles in ǫ are determined by that of the single pole, it is enough if Eq. (9) holds order by order in α ′ for the residues of single poles on the two sides. and g γδ = g γδ (ξ β ). For these models the equations following from the modified duality transformation rules Eqs. (9) for M ij simplify considerably:
where R ij denote the ordinary Ricci tensor and η α describe the above mentioned reparametrization (diffeomorphism) freedom. Eqs. (16) admit the following simple solution:
where (∂ β ln g 00 ) 2 stands for g βα ∂ β ln g 00 ∂ α ln g 00 and η α = ∂ α (∂ β ln g 00 ) 2 /8. This clearly shows that our proposed modication of the Abelian T-duality transformations (9) is nontrivial. Eq. (17) coincides with the two loop modification found in Ref. [5] .
Knowing an explicit solution of Eq. (9) it is not difficult to see that it does not corresponds to a simple change of the renormalization scheme in the sense of Ref. [11] . In fact there is no choice of the constants k 1 and k 2 in
describing the most general change in the renormalization scheme compatible with full target space covariance that would reduce to Eq. (17) (even up to reparametrizations) in our block diagonal special case.
The O(3) sigma model
Perhaps the simplest nontrivial 'laboratory' where the quantum equivalence of duality related models can be studied is provided by the example of the O(3) sigma model described in terms of polar coordinates:
and its abelian dual (based on the φ translation isometry):
This model is already sufficient to illustrate some of the main points of this paper. Eq. (19) describes an asymptotitcally free model and we demonstrate below that one indeed has to use the modifications of the duality transformations, Eq. (9,16,17), to be able to extract the same β-function from the dual model, Eq. ( 20). We now carry out explicitly the renormalization up to two loops of both the original (19) and the dual theory (20) to see if λ really gets renormalized in the same way. Our general strategy to carry out the renormalization of this type of σ-models and to obtain the corresponding β functions is described quite in some detail in Ref. [3] , here we just quote the essential formulae. The procedure is based on the one resp. two loop counterterms for the general σ-models Eqs. (4, 5) . The loop expansion parameter, α ′ , expressed in terms of the coupling, λ, is α ′ = λ/(2π). The explicit form of the one and two loop counterterms can then be written as:
We convert the previous counterterms into coupling renormalization by assuming that in the one (i = 1) and two (i = 2) loop orders their bare and renormalized values are related as
where the dots stand for both the higher loop contributions and for the higher order pole terms. The unknown ζ i (i = 1,2) are determined from the following equations:
As discussed in Ref. [3] Eqs. (23) admits a simple interpretation: the general counterterms may be absorbed by the renormalization of the coupling together with a (in general non-linear) redefinition of the fields ξ j :
where ξ j 1 , ξ j 2 have to satisfy Eqs. (23). In the special case when ξ k i depends linearly on ξ i.e. ξ k i (ξ) = ξ k y k i , Eqs. (24) simplify to an ordinary multiplicative wave function renormalization. We emphasize that it is not a priori guaranteed that Eqs. (23) may be solved at all for ζ i and the functions ξ k i (ξ). If Eq. (23) do not have a solution, then the renormalization of the model is not possible within the restricted subspace characterized by the coupling λ in the (infinite dimensional) space of metrics. On the other hand, if Eqs. (23) admit a solution, then, writing Z λ = 1 + y λ (λ)/ǫ + ... the β function of λ is readily obtained:
For the O(3) σ-model the explicit form of the counterterms
implies, that the θ and φ fields undergo no renormalization. Eq. (23) give in this case ζ 1 = − 1 2 , ζ 2 = −1, and using them in Eq. (25) leads to the well known β-function :
For the dual model, Eq. (20), the counterterms have a slightly more complicated form:
Looking at these counterterms we see that in principle in the present renormalization problem we can have an ordinary wavefunction renormalization for Φ and a redefinition of the variable θ, i.e. we have:
At one loop Eq. (23) yields now the following equations:
while at two loops one obtains:
The two equations appearing in (29) have a consistent solution T 1 (θ) = cotgθ/2 ,
which shows that at one loop the β functions of (19) and of (20) are indeed the same, while at the two loop order we meet the problem exhibited already in several examples in Ref. [3] , that is there is no choice of ζ 2 and z 2 that would guarantee that T 2 expressed algebraically from the second equation in (30) would also solve the differential equation in (30 Remarkably this system admits a consistent solution:
showing that in the new framework the dual of the O(3) σ-model leads to the same β-function as the original model even at the two loop level, and that the modifications of the 'naive' Abelian duality transformation rules, Eqs. (2), are essential, indeed. Based on the above (admittedly as yet incomplete) evidence, that our proposed modified duality transformations, (9) , do restore the equivalence between dual σ-models in perturbation theory, we expect that for the general case (i.e. a not necessarily block diagonal metric tensor g 0α = 0 and b ij = 0) Eqs. (9) also admit a solution. Then it is natural to conjecture, that the modified duality transformations restore the equivalence between the original and the dual models at two loops for the example discussed in Sect. 4.2 of Ref. [3] just as in the O(3) case. Furthermore we also expect that a similar modification of the non-Abelian duality transformations restore the two-loop equivalence between the principal σ-model and its nonabelian dual (for the two-loop problem in that case, see Sect. 5 of Ref. [3] ). Finally we think it would be interesting to inquire the γ mapping beyond two loops.
